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Abstract
In this paper we show that the orthogonal complement of a subspace in the polynomial space of degree n over d-dimensional
simplex domainwith respect to theL2-inner product and theweighted Euclidean inner product of BB (Bézier–Bernstein) coefﬁcients
are equal. Using it we also prove that the best constrained degree reduction of polynomials over the simplex domain in BB form
equals the best approximation of weighted Euclidean norm of coefﬁcients of given polynomial in BB form from the coefﬁcients of
polynomials of lower degree in BB form.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Degree reduction of Bézier curves is one of the important problems in CAGD (computer aided geometric design)
or the approximation theory. In general, degree reduction cannot be done exactly, so that it invokes approximation
problems. Thus many papers dealing with the degree reduction have been published in the recent 30 years. They
are classiﬁed by different norm in which the distance between polynomials is measured, e.g., in L∞-norm [8,14],
in L2-norm [16,17,20], in L1-norm [13] or in Lp-norm [6,12], etc. Furthermore, the constrained degree reduction
of Bézier curves with Ca−1-constraint at boundary points is developed in many previous literature [1,2,5,7,9,11,15,
18–20,22–25].
Especially, Lutterkort et al. [20] showed that the best degree reduction of polynomial f of degree n over the triangular
domain in L2-norm is equivalent to the best approximation of the vector of BB coefﬁcients of f from all vector of BB
coefﬁcients of degree elevated polynomials of degree less than n in the Euclidean norm of the vector. Furthermore,
Peters et al. [21] extended the result to polynomials over d-dimensional simplex domain. Ahn et al. [4] extended the
result of Lutterkort et al. to the case of constrained degree reduction, and Ahn [3] extended the result of Peters et al. to
the case of the constrained degree reduction over triangular domain. In this paper we extend the results above to the case
of constrained degree reduction over the d-dimensional simplex domain. We propose an weight which is an extension
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of the weights in Ahn et al. [4] and in Ahn [3]. We expect that the weight proposed in this paper plays an important
role in Bernstein–Bézier representation of the constrained Legendre polynomials [10] over the d-dimensional simplex
domain.
In Section 2, we ﬁrst show that the orthogonal complement of a subspace in the constrained polynomial space of
degree n over the simplex domain with respect to L2-inner product and the weighted Euclidean inner product of BB
coefﬁcients are equal for some weights. In Section 3, using the fact we also prove that the best constrained degree
reduction of f of degree n over the simplex domain in L2-norm is equal to the best approximation of the vector of
coefﬁcients from all vectors of coefﬁcients of degree elevated polynomials with the constraint in weighted Euclidean
norm of vectors.
2. Equivalence of orthogonal complements
Let Pn be the linear space of polynomials of degree less than or equal to n. It is convenient to introduce the compact
notation = (1, . . . , d) to denote d-dimensional multiple of nonnegative integers, and we write || = 1 + · · · + d .
The Bernstein basis of degree n over the d-dimensional simplex domain  is denoted by
Bn(x) =
(
n

)
x
(
1 −
d∑
i=1
xi
)n−||
, ||n,
where x = (x1, . . . , xd) ∈  and x = x11 · · · xdd . Thus Pn has exactly (n + d)!/d!n! basis functions. We collect the
basis functions in simplicial arrays of size n
Bn := [Bn ]||n
and with b = [b]||n a simplicial array of reals we write polynomials in BB form as
Bnb =
∑
||n
Bnb.
For the nonnegative integer an/(d + 1), Pam is denoted by the linear space of the constrained polynomials of degree
less than or equal to m over the simplex domain  as follows:
Pam = {Bnb ∈ Pm : b = 0 for  ∈ J an },
where I an and J an are the sets of d-dimensional multi-index  such that
I an = {||n : 1a, . . . , da, ||n − a},
J an = {||n :  /∈ I an }.
Then Pam has exactly (k + d)!/k!d! basis functions, where k = n − (d + 1)a. We also have
f ∈ Pam ⇔ f (x) = xa
(
1 −
d∑
i=1
xi
)a
g(x)
for some g ∈ Pk . For m<n and am/(d + 1), let
Qam = {f (x) ∈ Pm : f (x) = 0 for x1, . . . , xn, n − |x| = 0, . . . , a − 1},
which was also introduced for one or two variables by Ahn et al. [4,3]. Note that Pm = P0m = Q0m. We consider the
Lagrange polynomials characterized by
Qn() = ,, ||, ||n.
Peters and Reif [21] was already introduced the notation of the Lagrange polynomialsQn.We collect the basis functions
in simplicial arrays of size n
Qn := [Qn]||n
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with b = [b]||n a simplicial array of reals we write polynomials in Lagrange form as
Qnb =
∑
||n
Qnb.
The Lagrange form is used to relate a discrete polynomial dependence of the coefﬁcients on the array index to a
continuous polynomial. For example, if the coefﬁcients b = (12 + 2)12(n − 1 − 2) depend quintically on the
index , then Qn(x)b = (x1x2 + x2)x1x2(n − x1 − x2) is the corresponding quintic polynomial. The following lemma
is an extension of Lemma 2.1 in [20], Lemma 3.1 in [4], and Lemma 2.1 in [21].
Lemma 1. A polynomial Bnb is of degree m with b = 0 for  ∈ J an if and only if the simplicial array of coefﬁcients
is a polynomial of degree m with zeros at  where 1, . . . , d , n − || = 0, . . . , a − 1 in its index, i.e.,
Bnb ∈ Pam ⇔ Qnb ∈ Qam.
Proof. It is well-known [21] that
Bnb ∈ P0m ⇔ Qnb ∈ Q0m.
Note that if the coefﬁcients b depend on the index , then Qn(x)b is also the corresponding polynomial. Thus b = 0
for  ∈ J an is equivalent to Qn()b = 0 for 1, . . . , d , n − || = 0, . . . , a − 1. Hence we have Bnb ∈ Pam if and only
if Qnb ∈ Qam. 
Theorem 2. The orthogonal complements of Pam in Pan with respect to the L2-inner product
〈f, g〉L :=
∫

f (x)g(x) dx (1)
and the weighted Euclidean inner product of the BB coefﬁcients
〈Bnb, Bnc〉W :=
∑
∈Ian
bcw, (2)
where
w :=
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
(21
1
)
· · ·
(2d
d
)(2(n − ||)
n − ||
)
( 21
1 − a
)
· · ·
( 2d
d − a
)( 2(n − ||)
n − || − a
) ( ∈ I an ),
1 ( ∈ J an )
are equal.
Proof. Denote the orthogonal complement ofPam inPan with respect to the weighted Euclidean inner product byPam,n,
and let {Bnq : m− (d +1)a < ||n− (d +1)a} be some basis of this space. By equality of dimensions it sufﬁces to
show that Pam,n is contained in the orthogonal complement with respect to the L2-inner product, i.e., the polynomials
Bnq have to be L2-orthogonal to all polynomials in Pam,〈
Bnq, x+a
(
1 −
d∑
i=1
xi
)a〉
L
= 0 (0 ||m − (d + 1)a < ||n − (d + 1)a),
where x+a = x1+a1 · · · xd+ad . Deﬁning the simplicial array p by
p

 := 1
w
∫

Bn (x)x
+a
(
1 −
d∑
i=1
xi
)a
dx,
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clearly we have〈
Bnq, x+a
(
1 −
d∑
i=1
xi
)a〉
L
=
∫

Bn(x)q · x+a
(
1 −
d∑
i=1
xi
)a
dx
=
∫

∑
||n
Bn (x)q

 x
+a
(
1 −
d∑
i=1
xi
)a
dx
=
∫

∑
∈Ian
Bn (x)q

 x
+a
(
1 −
d∑
i=1
xi
)a
dx
=
∑
∈Ian
qp

w
= 〈Bnq, Bnp〉W .
By deﬁnition, the latter expression vanishes if and only if Bnp ∈ Pam, and by Lemma 1, this is equivalent to Qnp ∈
Qam. In other words, we have to show that p

 is a polynomial in  of degree m with zeros at  ∈ J an , for all  with
||m − (d + 1)a. Using the formula∫

Bn (x) dx =
n!
(n + d)! .
We have
p

 = 1
w
∫

Bn (x)x
+a
(
1 −
d∑
i=1
xi
)a
dx
= 1
w
(
n

)
(
n + || + (d + 1)a
 +  + a
) ∫

B
n+||+(d+1)a
++a (x) dx
= 1
w
(
n

)
(
n + || + (d + 1)a
 +  + a
) d!(n + || + (d + 1)a)!
(n + || + (d + 1)a + d)! ,
where  +  + a = (1 + 1 + a, . . . , d + d + a). Now,
1
w
=
( 21
1 − a
)( 22
2 − a
)
· · ·
( 2(n − ||)
n − || − a
)
(21
1
)(22
2
)
· · ·
(2(n − ||)
n − ||
)
= 1!
22!2 · · · (n − ||)!2
(1 − a)!(1 + a)!(2 − a)!(2 + a)! · · · (n − || − a)!(n − || + a)!
and (
n

)
(
n + || + (d + 1)a
 +  + a
) = n!
(n + || + (d + 1)a)!
(1 + 1 + a)! · · · (d + d + a)!(n − || + a)!
1! · · · d !(n − ||)!
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so that
p

 = n!
(n + || + (d + 1)a + d)! ×
1!
(1 − a)! · · ·
d !
(d − a)!
(n − ||)!
(n − || − a)!
× (1 + 1 + a)!
(1 + a)! · · ·
(d + d + a)!
(d + a)!
= n!
(n + || + (d + 1)a + d)!
a∏
l1=1
(1 − a + l1) · · ·
a∏
ld=1
(d − a + ld )
a∏
ld+1=1
(n − || − a + ld+1)
×
1∏
r1=1
(1 + a + r1) · · ·
d∏
rd=1
(d + a + rd).
Thus p is a polynomial in  of degree m and p = 0 for  ∈ J an , i.e., 1, . . . , d , n − || = 0, . . . , a − 1. 
In particular, in one-dimensional case, i.e., d = 1, the weights are
w =
(21
1
)(2(n − 1)
n − 1
)
( 21
1 − a
)( 2(n − 1)
n − 1 − a
) =
(21)!
1!2
(2(n − 1))!
(n − 1)!2
(21)!
(1 − a)!(1 + a)!
(2(n − 1))!
(n − 1 − a)!(n − 1 − a)!
=
(
n
1
)2
(
n
1 − a
)(
n
1 + a
)
which are the same weights given by Ahn et al. [4].
3. Best constrained degree reduction over simplex domain
Theorem 3. Given a polynomial Bnb of degree n, the approximation problem
min
p∈Pm
{‖Bnb − p‖ : p = Bnc ∈ Pm, b = c for  ∈ J an }
has the same minimizer for the norm induced either by the L2-inner product (1) or the weighted Euclidean inner
product (2).
Proof. Let f a = Bnd ∈ Pm be a polynomial of degree m satisfying
b = d
for  ∈ J an . Then the polynomial Bnb − f a ∈ Pan can be decomposed uniquely according to
Bnb − f a = pa + qa, pa ∈ Pam, qa ∈ Pam,n
and, by the orthogonality, pa is the minimizer of
min
pa∈Pam
‖Bnb − f a − pa‖
for both norm. For all p = Bnc ∈ Pm satisfying
b = c
for  ∈ J an , we have
‖Bnb − p‖ = ‖Bnb − f a − (p − f a)‖ |Bnb − f a − pa‖
since p − f a ∈ Pam. Thus the polynomial p = pa + f a ∈ Pm is the wanted solution for both norms. 
H.S. Kim, Y.J. Ahn / Journal of Computational and Applied Mathematics 216 (2008) 14–19 19
Corrollary 4. Denote byPam,n the linear operator mapping polynomials Bnb ∈ Pn to their best constrained L2-norm
or weighted Euclidean approximant p ∈ Pm. Then
Pam,n =Pam,Pa,n, mn.
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